In this paper, we consider the eigenvalue problem for fractional differential operator containing left and right fractional derivatives with Dirichlet boundary value conditions. By critical point theory, we see that there exist an eigenvalue sequence which is increasing, tending to infinity, and an eigenfunction sequence which is a Hilbert basis of a fractional Sobolev space.
Introduction
The study of the eigenvalues of a linear operator is a classical topic and many functional analytic tools of a general nature may be used to deal with it. The knowledge of eigenvalues of an ordinary or partial linear differential operator with some boundary value conditions plays an important role in the study of the existence of solutions of nonlinear perturbations of this operator. For the classical second-order ordinary differential equation of the form
it is well known that, under certain boundary value conditions, nontrivial solutions exist only for particular values λ i , i = , , . . . . The constant λ i are called eigenvalues and the corresponding nontrivial solutions u i are called eigenfunctions. By using critical point theory, the classical results as regards the eigenvalue problem () with Dirichlet boundary value conditions have been obtained on W
,  ([, T], R).
Recently, the subject of fractional calculus gained a considerable popularity and importance. During the last three decades or so, due to its demonstrated applications in numerous fields of science and engineering, such as viscoelasticity, neurons, electrochemistry, control, etc. [-], more attention was paid to the fractional differential equations. Many different analytic tools including the variational method are used to study the existence and multiplicity of solutions for fractional boundary value problems (BVPs for short); see [-] . Meanwhile, different from the integer order differential BVPs, most of BVPs for the fractional differential operators do not have a variational structure. For instance, there is no energy functional for the operator D α (α / ∈ N). So the variational method cannot be applied here. In recent years, by using critical point theory, some authors considered the existence of (weak) solutions for some fractional BVPs with variational structure, such as Motivated by the above research, in this paper, we consider the following eigenvalue problem:
Naturally, we want to use the fractional Sobolev space E 
where  D α t u denotes the classical fractional derivative. We should point out that the space E α,p  they defined is not rigorous. In fact, taking a Cauchy sequence {u n } ⊂ C ∞  ([, T], R) with respect to the norm · α,p , one has 
Preliminaries
For the convenience of the reader, the definitions of fractional integral and fractional derivative and E α,p are presented below [-]. 
provided that the right-hand side integrals are pointwise defined on [a, b] , where (·) is the gamma function.
, the left and right Riemann-Liouville fractional derivatives of order γ of a function u :
Remark . When γ = , we can see from Definitions . and . that
where u is the usual first-order derivative of u.
then v is called the weak left fractional derivative of order α of u, and it is denoted by Ḋ α t u.
then v is called the weak right fractional derivative of order α of u, and it is denoted by
Remark . When α = , we can conclude from Remark . that
whereu is the usual first-order weak derivative of u.
with the norm
where
with the norm 
Lemma .
Proof From the definition of fractional integral, we see 
Proof From the definition of left weak fractional derivative, we can see that the operator Ḋ α t is linear. Moreover, it is easy to see
u a.e. on (, T).
Proof From the definition of space E α,p
So, based on Lemmas . and ., we obtain
where c >  is a constant.
Corollary . (Fractional Poincaré-Friedrichs inequality)
Proof Combining Lemma . with Lemma . in [], we have 
Theorem . Let α > /p and u ∈ E α,p

 , then there exists a functionũ ∈ C([, T], R) such that u =ũ a.e. on (, T).
()
, () is obtained. Next we prove that u is uniformly continuous on [, T].
By the Hölder inequality and α > /p, we have
which meansũ is uniformly bounded. In addition, from Theorem . in [] and α > /p, one has
where c >  is a constant. Soũ is uniformly continuous on [, T].
, R) and
 is a bounded sequence, from () and (), we know {u n } ⊂ C([, T], R) is uniformly bounded and equicontinuous. Thus, by the Arzelà-Ascoli theorem, {u n } is relatively compact in C([, T], R).
Thus, by (), we get
So we have
Regularity of weak solutions
Consider the following BVP:
where / < α ≤  and f is a given function in
give the definitions of weak solutions and classical solutions of BVP ().
Definition . A weak solution of BVP () is a function
In the Sobolev space E α,  , we define the energy functional by
It is easy to verify
Hence the weak solutions of BVP () are the critical points of C  functional .
 satisfying BVP () in the usual sense, that is:
Then there exists a constant C such that f = C a.e. on I, where I is an open interval.
Proof Define the linear operator
Obviously we have
So the operator F is well defined in E α,  and continuous. Thus, it follows from the LaxMilgram theorem that there exists a unique u ∈ E α,  such that
Now we give the regularity of weak solutions of BVP ().
Theorem . If f ∈ C([, T], R), the unique weak solution of BVP () is the classical solution.
Proof Let u is a weak solution of BVP (), from Remark ., we can get Ḋ
Thus, from the definition of right weak fractional derivative, we have
which together with () yields
Hence, from Lemma ., we have
on (, T).
That is,
The right side of ()
t u is derivable for every t ∈ (, T). Taking derivatives on both sides of (), one has
which means u is a classical solution of BVP ().
Spectral structure of fractional Dirichlet BVP
In this section, we study the spectral structure of a class of fractional Dirichlet BVPs with variational structure. For proving our theorem, we first present a lemma. 
